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Indefinite Integrals

[dx =X

[af (x)dx=a] f (x)dx

[ f (@x-+b)dx=1 f (u)du

.' f(X)x g(x)dx:j f (x)dx+jg(x)dx

- (X)
J f( )dX IOgelf(X)l

£(x)
. de 2/f(x)

.ex[f(x)+f (x)]dx:exf(x)

log, xdx=xlog, Xx—X
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Trigonometric integrals

"sin XdX =—CO0S X
.'cos Xdx =sin x
.'sec2 Xdx =tan X
"csc2 Xdx =—cot x

[secxtan xdx =secx

[cscxcot xdx=—cscx

[ tan xdx =log,.secx=—log, cosx

[ cot xdx=—log.cscx=log.sin x

[sec xdx=log, |secx+tan x|—|oge|tan£4 2J|

[cscxdx =—log, |csc x+cot x|=log, |csc x—cot x|=log, | tan 2 |
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in? vy _ L[ SIN2X
.sm xdx_z(x > )

.'cos2 xax :%(Hsmszj

[ tan? xdx = tan x— X

[ cot? xdx =—cot Xx— X

X :ltanl(ﬁj

Jx°+a’? a a

e dx 1 X—a
2 A7 log, | —

Jxcf—ac 2a X+a

e dx 1 a+Xx
5 5 — Ioge

Jac—xc 2a a—Xx

X it (5]
J az__xz a

& =log, | x++a%+x?|

N

'%zlogewﬂ/xz—aﬂ
T Ix%-a

n 2
Ja2 - x2dx =2 a2 —x2 + L sin (EJ
2 a
2
[Va? +x2dx =2 a? x2+%loge|x+\/a2+x2|
VX2 —a2dx =

2
VX —az—%loge|x+\/x2—az|
=sin™ x

|\>|>< |\>|>< |\>|

1—x?
- dx
J1+X
r dx

gl
5 =fan " x

1 ..
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- dX _1Iog | X |
xwWx2+az & o at+xi+a?
X Ly, X |
xyJac—-xc a a++ac—x
o dx g. | X" |
X(x" +1) ©Ix"+1
~ ax -
eaxcosbxdx=%(acosbx+bsmbx)
. ac+b
- . eax .
aX _ _
|e smbxdx—m(asmbx bcosbx)

Hyperbolic integrals
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[ sinh xdx = cosh x
[ cosh xdx = sinh x
[ tanh xdx = log, cosh x

[ coth xdx = log,, sinh x
[ sechxdx =2tan"e

[ cschxdx = 2tanh e

[ sinh? xdle(_“singzx]

2
sinh ZXJ

[ cosh? xdx :l(x+

2 2

.' tanh? xdx = x — tanh x

.' coth? xdx = x—coth x

.' sech?xdx = tanh x

.' csch?xdx = —coth x

_' sec hx tanh xdx = —sec hx

[ cschxcoth xdx = —csc hx

—de - :ltan‘l(ij
a’+x®> a a

Properties of Definite Integrals
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f(x)dx—j f (t)dt

[~ f (X)dx=— j f (x)dx

£ (dx=[ f (bt jf f (x)dx
f(x)dx—. f (a—x)dx

[ ] [ ] (3
LY TP T T

[]
O'

e
o))

[ f (X)dx=( . f (a+b—x)dx
* f(x)dx=2 jg‘ f (X)dx——> f —even
'f‘a f (X)dx=0——> f —odd

.ja f (=[] f (cx+ [ f (2a-x)clx
jo f(x)dx =n jo f (x)dx

if f(x) has a period ‘a’

Some special integrals:
Leibnitz rules:

1283 f ()dt = (209 £ ©)dt— 1209 £ (t)ait

d - .
&{1288 f(t)dt} =b (x).f (b(x))—a (x).f (a(x))

5 ot T Ouadx = (132 F (x @)y (a).f (v(a).a)-u'(@).f (u(a).a)

da|‘u(a) u(a) sa
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Reduction formula for sin and cos functions:

(m—l)!!(n—l)!!
(m-+n)!!

T
.[02 sin™ xcos" Xdx =

(if either m or n is odd)

(m—l)!!(n—l)!!.ﬂ
(m+n)!! 2

T
jOZSinrn X cos" xdx =
(if both m and n are even)

m=>0,n>0

NOTE: !!- can be called as double/semi factorial(though there is no such name in
formal math literature).It symbolizes that we should skip each number by 2 steps and
has been written just to simplify the formula.

Example:
Evaluate

Iogsin7 x cos? xdx
(7-1n(2-1u_(6)n()n
(7+2)1 (o)1

_(6.42).(1) 48
- (9.753.1) 945

T
.[02 sin’ xcos? xdx =

[skipping each ! b 2 steps

stop at 0 or 1]

T T
(For joz sin™ xdxorjo2 cos” xdx

Put n=0or m=0. Do not take negative !! into account}
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METHODS OF INTEGRATION

Method 1: Trignometric Simplification

2sin AcosB =sin(A+B)+sin(A-B)
2cos Asin B =sin(A+ B)-sin(A-B)
2cos AcosB =cos(A+B)+cos(A-B)
2sin Asin B =cos(A-B)-cos(A+ B)
tan A+ tan B
1-tan Atan B
tan(A— B) = tan A—-tan B
1+ tan Atan B
C0S2A =2c0s* A-1=1-2sin> A=cos*> A-sin® A

tan(A+B) =

tanZA:M
l1-tan® A
sinZA:Zta—nzA
1+tan® A

2
cosZA:w
1+ tan® A

cos3A =4cos®* A—3cos A
sin3A =3sin A—4sin® A
3tan A—tan® A

tan 3A = >
1-3tan® A

Method 2: Substitution
|=j F(f(x))f (x)dx
Put f(x)=t— f (X)dx=dt

s =j F (t)dt
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Method 3: Completion of squares

Integrals of the type:
1 1

2 , - and
ax®+bx+¢ yax® +bx+c

complete the squares and reduce the integrand to standard formulas.

ax> +bx+c

Method 4: Extended form of completion of squares

Integrals of the type:

Ax+B AX+B L (AX+B)Wax +bx+c

2 ]
ax” +bx+c \ax®+bx+c

Put AX+ B = I[diff (ax* +bx +c)]+m where |, m are constants.

> Ax+B =I[2ax+Db]+m

By equating like terms and constants | and m can be found.

Example

'[ (X+1)vX* —4x +1dx
X+1=1(2x—4)+m— | =%,m=3—>j (%(2x—4)+3)x/x2—4x+1dx

- %j (2x—4)N X% —4x +1dx+3.[ VX% —4x+1dx

This can be solved using standard formulas.

Method 5: Partial fractions

Numerator should be 1 degree lesser than Denominator

Example
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1 A B

1')(x+1)(x+2)_x+1+x+2

2) 2x-1 _ A N Bx+C

T(X+D)(X2+2x+5) x+1 x2+2x+5

3 X1 _ A B __C

T(x=2)3(x+1) x-2 (x—=2)2

1) NG __A N B

TA+x)(6+%3) 4+X* 6+X°
x+2

5.

N oy ®

let us make an algebrical simplification
let x—1=u - x=1+u —» x+2=3+u

u+3 1 3
u u

x+2 3
j(x = oy ooy ™

ax2 +b . remainder
= quotient + —————
cx+d devisor

6.)

Method 6:

Integrals of the type
I 1+ X2 1—X2 G 1
T 2 108 3 Tg 4 I

To solve the above integrals we use the following:

1 p—
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d(x+%)=1—%dx
(=) =1+ O
2+%+2
(x—%)2 =X? +%—2

(x+%)2=x

Ilzj%dx=j GV

dt
—>I1:I t*+2

This can be solved using standard formula.

Similarly we can find for I,

Method 7:

dx

Integrals of the type
I (Ax+B)yax? +bx+c

Put
AX+ B =

r—l-lH

Example:

IC FORMULAS
11
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dx
'[ (X+1)Vx%+3x+1

x+1:——>dx=—izdt
t

—>x==-1
t

1
t—zdt

tylt

[ -]
(X +1D)Vx?+3x+1 1\/[1

|
—1J +3(f_1)+1

—‘IL
A+t-t?

This can be solved using Completion of Squares (Method 3)

Method 8:
For integrals of the type I dx
Ax?+Bvax?+b
Put XZ%
Example
dx 1 1
—»X== > dx=—5dt
'[ (2x* -DVx?+1 t t2
—dt

_[ 12 :_J‘ tdt
(g—l) i-f—l (Z—tz)\/1+t2
t2 t2
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Now 1+t2 =u? ——>tdt =udu

. udu ¢ du
"_I (2—u2+1)u_I u?-3

This can be solved using standard formula

Method 9:
Integrals of the type:
J dx J dx I dx
a+bcosx 'J a+bsinx "' a+bcosx+csinx
X
Putt=tan=
u an 5
adt:%.seczgdx
- dx = 2th :12+dtt2
27
sec 5
Now
) 2t
sinx=—
1+t?
42
cosx:1 t2
1+t

The integrals will now reduce to standard formulas.

Method 10:

Integrals if the type:
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I dx
acos? x+bsin?x+c

Divide Nr and Dr by cos? x or multiply by sec? x
Then put t=tanx

This will reduce to standard formulas.

Method 11:

Integrals of the type:

acosx+bsinx
Acos X+ Bsinx

Write Nr =1(dr) + m(differential (dr))
This will reduce to standard formulas.

Method 12:

Integrals of the type:

j acosx+bsinx+c
Acosx+Bsinx+C

Write Nr =1(dr) + m(differential (dr))+n
This will reduce to standard formulas.

Method 13:

Integrals in which
(sinx£cosx) appears in Numerator and
f (sinx.cos x) appears in Denominator
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Put either sinx+cosx=t or sinx—cosx=t

Example

Sin X +Cos X
I(M+ cotx)dx:j m

Now let sinx—cosx =t

— COSX+Sinx=dt
. 1?=1-2sinxcosx

. 1-t2
— SIiN XCOSX =
2
N J' dt
1-t?
2

This can be solved using standard formulas.

Method 14: Integration by parts

Integrals of the type:

judv:uv—j vdu

where dv-easier to integrate,u-difficult to integrate(hence differentiate)

Priority for u

ILATE

I-inverse trigonometric function
L-logrythmic function
A-algebric function
T-trignometric function
E-exponential function

Simplification of Integration by parts 2 BERNOULLI
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j udv = (U)(V,) = (U)(V,) + U)V) = UV, e

where y u'.u'.. represent the differentials and

Vi Vo V3. .. represent the integrals

Best method to solve problems with X"

Example

I X*sinxdx=(x° ) (—cos ) —{ 3¢ ) (—sinx) +(6x)(cos x) —(6)(sinx)

Method 15: Standard Substitution:

az—xz) — x=asint/acost

a2+x2) — Xx=atant

|
|
{ aJ_FXJ — X=acos2t
(
(

—h

x2—a2) — X =asect

FO)) > F(x)=t?

Method 16:

Integrals of the type:

Icos(x a)cos(x b)’ Ism(x a)sm(x b)

Ism(x a)cos(x b)Icos(x a)sm(x b)
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1 B 1 sin((x—a) —(x—D))
cos(x —a)cos(x —b) - sin(b—a) cos(x—a)cos(x—b)
B 1 sin(x—a) cos(x —b) —cos(x —a)sin(x —Db)
~sin(b-a) cos(x —a) cos(X — b)

- sin(b—a) [tan(x=2)~tan(x~b)]

This can be solved using standard formulas.
Similarly other types can also be factorized.

Method 17:

Integrals of the type:

b [x—a b 1
jan_:dx, [ x=a)(x-bdx, | e
Consider

put

X =acos’t+bsin’t
s X—a=acos’t+bsint—a=hsin’t-asin’t=(b—a)sin’t

b—x=b-acos’t+bsin®t=bcos*t—acos’t=(b—a)cos’t
— dx =(—2acostsint+2bsintcost)dt = 2(b—a)sintcostdt

— x=a > t=0,x=b — t:%

5 2(b—a)jfsinztdt=%(b—a)

BETA AND GAMMA FUNCTIONS
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Amn)= j; Xm1(1—x)dx
«——m>0,n> 0

£(m,n)=2 I02 sin2™Lx cos21 xdx

A(m,n)=4(n,m)
A(m,n)=A(m+Ln)+A(m,n+1)

I(n)= j;oe—xx”—ldx

«——n>0
I'(n+1)=nI"(n)
I'(n+)=n!

r(n)=2 j ;O e Y y2-ldy
1 n-1
I(n)= jollogeﬂ dx
22 (MI(n +%):F(2n)ﬁ
rG)=iz

_I(mI(n)
A(m,n)= ['(m-+n)

b [ )dX A(m1-m)=T(m)[(Q1-m)

ZJZSmp xcosd xdx = B(+ = p+1 q+1

2
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If p is a negative fraction

L(p)=5T(p+1)
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